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Def D A fan f ab IR is said tobe Riemann integrable on ab

if I 1 FIR 5.1 so I 8270 s t
tagged partition P of ab with IPllcfe

ISIf P L Ce

ForD xi.i.xil.t.li IPill Max lxi xi.it i i nl
Slf P Efltillxi xi.it

2 Rtab set ofall Riemann integrablefans on ab

3 Thenumber L is uniquely determined and is denoted by

fit or fifixide
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Ans Fix cell and define g 0,2 R by
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We willshow that regardless of the valueof c
we always have ge Rton and fig 3

Let P ExitXi tili be a tagged partitionof 50,2J
Suppose

xi i i
or

t.inILetPfExinxil tiJki R xinxil.tl n
Then

Slg P Slg D gltmllxn i xnnltgltiilxn.hn SlgPi



where 51g P Miki Xia 21 1 2

Slr P EE iIIxixi.nII
211 1

LetM max 12,1 11 Then
Xn 11

Isis Hi.in iiiiIiiiii ii
note in taxa 211811 211811 11811 21911811

5 214 1811

Now so take 8 5 70 so that
any tagged partition P of on with 11811 8 satisfies

151g p 31 15 217711811 15 2M 8

Therefore g e R 0,2 and fig 3



Ans For any tagged partition P IExi.i.xil.li of a b
we have

E.tn xi ES1f P fEEYIEl EMIxi xin
Mlb a Slf p Mlb al

15 If P Mlb a

Let so Since feR ab 7870 sit
if P is a tagged partition of a b with 11811 8
then I Slf p lift e

let Q besuch a tagged partition Then

1ft 1 if Slf Pll 15 If p'll

Mlb a e

Sime e so is arbitrary we have

158ft Mlb a



Ans Let P xin.X.li be a partition of oil

If we choose a rational tag ri for each Exin it
Then Slg Ex i it rili Eglrillxi xi.nl 0

If we choose an irrational tag gi for eachExin it
then S lg xi.n.xil.q.li É g g Ni xin 1

Wehave for any LER E 0 sit
1 0 a tagged partition P of 0,1 s.tl Pllcf

151g P L 2
Therefore g READ

Finally define Pn it Ii
Then IPill 0

and Sfg Pa 0 ufIN
limfly Pn 0



Recall 1611
Suppose f is bounded on a b and that there exist
twosegs of tagged partitions of ab sit IPull 0 Hank 0

but sit limslfsp.nl limslfia.nl

Then f Rta b

Ans Let Pa An be tagged partitions defined by

pi Iii On4T t.li
Then IPill 116,11 4 0
However S ftp.l I

Slf a o

IimSlf Pi I 0 limSH an
Heme f Rton



Ans If P XinXi t.li is a tagged partitionofLatebtc
define a tassedp.P.IT I ofc.fY.Y.ai
Clearly 118,11 11811

Moreover

Slg P Églti Xi Xi Eflti.cl lxid 1xi y Slf P
Let so Time to R ab 78 0 1 t
if Q is any tagged partition of ab with Halles then

Slf al lift e

Now if P is a tagged partitionofLatebtc with 1811 8
then P is a taggedpartition of Taib with Hall 1811 8
Heme

S g p Sif S f p lift e

Therefore go.RTatc.be and fig fit


